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Radiation transfer
backslash nearrowhats From

Bodenheimer Laughlin
Rózycaka Yorke
NumericalMethods in
Astrophysics

abs dOmega
hatn theta

dAú ds scattering

ñnormal
hatSwithin da withfree leftnunudnurightnegDEnu energy photons

dAoverrightarrowx
0

intensity Inu
dEnuInuleftoverrightarrowxhatsnutrighthatncdothatsdAdOmegadt
dAcoso

photondistrfunct fRleftoverrightarrowxoverrightarrowqtright
momenta

photons fRleftoverrightarrowxoverrightarrowqtrightd3overrightarrowxd3overrightarrowq
vol in mom space in
Sph coord 92dg drV01

wherephotons
pass ina dt
Cdthatncdothats DA

mom ofaphoton
qh8c

Invich c anda
then theenergy is photons energyperphoton hw

dEnuhnufRleftoverrightarrowxoverrightarrowqtrightd3overrightarrowxd3overrightarrowq
lefthnucright2lefth2nucrightdnudOmegacdotccdotdtlefthatncdothatsrightdAfR

LeftrightarrowInufrach4nu3c2fR
equivc1Boltman conserv en for photons

frac1C1leftfracpartialInupartialtclefthatscdotoverrightarrownablarightInurightfrac1C1leftfracpartialInupartialtrightvet sources

Radiative
transferenrightarrowfrac1cfracpartialInupartialtlefthatscdotoverrightarrownablarightInuvarepsilonnurhoInujnurho

absorption emission
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Moments ofthe intensity
Forwhatfollows wedefine Si components ofhatS
asthedirectioncosines Notethatthemagnitude ofhatS is 1butitscomponentsare not 1

Momentzero int_4pileftldotsrightdOmega
mean intensity

Jnufrac14piint_4piInudOmega interpretation frac4piJnucunu
Firstmoment int_4pileftldotsrightsidOmega

radiation
energy
density

energy volume

Fluxof

Hnuiequivfrac14piint_4piInusidOmega interpretation equivfracFnui4pi
Photons

Ex Sph coord Fnuleftrrightint_02piint_0piInucosthetasinthetadthetadphiSi dOmega

Theflux is in general a vector

Secondmoment

int_4pileftldotsrightsisjdOmega
Knuijequivfrac14piint at

InuSiSjdOmega interpretation frac4piCKnuijPnuij
radiationpressure
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Moments ofthe RTE

Forthispart wedefine thesourcefunction Snujnuvarepsilonnu
suchthat we replace the rh s ofthe RTE with

varepsilonnurholeftInuSnuright
Zerothmoment frac14piint_4pileftldotsright dar everywhere

frac1cfracpartialJnupartialtoverrightarrownablacdotoverrightarrowHnufrac14piint_omegapivarepsilonnurholeftInuSnurightdOmega
Firstmoment frac14piint_4pileftldotsrightSidOmega everywhere

frac1cfracpartialHnuipartialtsum_jifracpartialKijpartialXjfrac14piint_4pisivarepsilonnurholeftInuSnurightdOmega
Forthermalcontinuum emission absorption SnuBnuleftTrightfrac2hnu3c2frac1explefthnukBTright1

blackbody radiation
opacityThen

leftbeginmatrixfrac1cfracpartialJnupartialtoverrightarrownablacdotoverrightarrowHnuKnurholeftJnuBnuright0frac1cfracpartialHnuipartialtsum_jfracpartialKijpartialxjvarepsilonnurhoHnui0endmatrixright
Also written as

fracpartialunupartialtoverrightarrownablacdotoverrightarrowFnu4piknurhoBnucknurhounu0
Flux limited diffusion
we expresstheflux as overrightarrowFfracclambdaKRrhooverrightarrownablau

flux limiter frac13 inthe
diffusionlimit



Discretization of the diffusion equation
The diffusion equation is

For the Flux-limited diffusion (FLD) approximation to radiation transport,  (and we

would be missing the source terms).

Using finite differences where we abuse notation and use  instead of  and no subindices,

For this last derivative, we use the result from Bodenheimer et al ("Numerical methods in
Astrophysics"), which implies that an evaluation at  will lead to an unconditionally unstable
solution. Then we instead evaluate at :

So that the diffusion equation is then discretized as

Defining , and sending all elements that depend on  to the l.h.s.,

This will define a system of equations on , knowing the solution at a previous timestep .
Because we have to solve this system of equations to find , we call this an implicit
solution method, as opposed to an explicit method, which is able to give us the solution

 something that only depends on .

We see that for neighboring cells we can write the equation as



so that we can write in matrix form

where  is the boundary condition to the left of the cell 0 in , and  is the boundary
condition to the right of the last cell (number ) in .


