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If we apply this to the Legendre equation
.
izﬂ_ M _L()__ L y' LQ4F4]A 0
T 4-oc* Tdx 1=
we obtain, for example for (=D
= o0 e -“—. ‘—’i—i-
Q, = “—%‘
This is valid in |¥/4] and diverges in J=1. There are also Associated Legendre Functions of the Second Kind
All the Legendre functions of the second kind satisfy the same recurrence relations as their counterparts of the first kind
Example: find the normalization of the Legendre polybnomials of the first kind using the generating function.
Solution:
If we multiply the generating function by itself, we obtain (look up 'rules for multiplying two series[together"
N, ] 2 0
Hxd) =2 1P| =2 hTTTRER,EO
Z5) £:0 4 v Z’n
Weintegrate on/both sides o <2
) 2 1l < £+un 1 N J = pel ~'l-—2£ I ? QO.I
o dx=] 2T Pold Wl = &£ ) 4 ]
) L -1 == e o
Let's manipulate the Lh.s: 2 e /~ Call _ﬁae
(Tl Bl | g L2 L [ = 140 D ] 4]y, 2| g/ 5] e
URE 5 J T ekt B 2¥ | 425 418 | | |1=F G0 ZEH
Finally, comparing against the r.hs.. we conclude that
| dx [P\ = —~=—
a/ 8= Zﬂ' '




Gamma function (introduction/review)
Thﬁ fﬂncﬂ' i

ion Y'( 9 is defined recursively as
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In case P is an integer, then we obtain the factorial function:
. VAV
W W

So, the Gamma, function is a generalization of the factorial function for negative and non-integer arguments.

For example, one can show that

L 94 o I A
and that Y(-O,"‘\; (non-integer negative argument) exists, but (- Zf) negative integer argument) diverges.

Bessel's equation

When we [solve the ODE

by the series solution method, we find an explicit expression for the Bessel functions of the 1st kind of order p:
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for integer p > 0. For integer p < 0, the} (n~p +1) function diverges if h & P4
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so that the solution with positive and negative integer p are not|linearly independent. We need to find another solution

Bessel functions of the second kind

For integer p, the function
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provides a linearly independent solution to the Bessel ODE. (Neumann or Weber function)

In summary, the full solution is
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Note that if p is not an integer, we can use the negative p as a linearly independent solution and

in that case, the general solution is

o= AT-,.- W + BI_ ) ) P non-wteger

Bessel ODE as a S -Liouville problem

The differential operator of the Bessel ODE can be written as
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dividing by X, A4 — Py feK dj =
/ f N S wiesx) = 9¢
now we can identif) / .‘! B D54
Yonls a(lx)ls T’z -
L/K _: T &) ™ A | W77
EL ) (n &u ‘C
Sfuem-Licovile e d'[oﬁo I x/, | é A?- 4 AQ
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Note: it is customary to make the change of variables %= R/Z >/ (K 2| dx T ax 37 K40 dxz | K% 4/°
with which it is easy to show that the eigenvalue becomes )«'—‘ instead. (This will be very useful %hen working with

partial differential equations). = See Generalzel Bessel ODE below with b=p | 8=1, a=6.

Orthogonality and normalization

The Bessel functions build an orthogonal set in the interval [ 0, 9

as long as the Dirichlet boundary condition is imposed, that is
ara T Yyl n [so 3 and b ar Zews of the Bessel  Forcfion
d.PL > upuw SRS L .

It is important to note that there are infinitely many zeros of the Bessel function, and |so, we have tio specify which |zero to use

for/the orthogonality and normalization.

The normalization of the Bessel/functions depends on the zero chosen:
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There are n zeros. If we order the zeros of the Bessel function as| gy, 3, ..., n

then we say that the functions = Jp (8. %)

are orthogonal in the interval [o, 4] with the weight function =W ) =%
..Or that the functions V% Tp (an ©) rm=Liowvi \R , resca ed
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Simple problem: suppose that, for a/problem defined in| 0/ £¥Y.4 8 |, |we require Je K‘i)

\
Q

—t

. a
“ﬁﬂ‘

with k being a constant to be determined. What are the acceptable values of k ? |k a = Com—, m=12,
2D k= Cowm ,’
Write the Bessel function that satisfies the boundary condition: |
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